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The classical notions of topological transitivity and tmmmahty of a topological 
dynamical system are extended and analyzed in the context of C’*-dynamical 
systems. These notions are compared with other notions naturally arising in 
noncommutative ergodic theory. As an application, a C--algebra version of a 
theorem of Araki, Haag, Kastler, and Takesaki (Comm. Math. Phjx. 53 (1977). 
97-134) about the correspondence between a compact automorphism group (here 
assumed to be abelian) and its fixed-point subalgebra is proved in the presence of a 
commuting topologically transitive action. A variation of this theorem in the setting 
of standard W*-inclusions is also presented. 
1. INTRODUCTION 
Topological transitivity is a classical notion for a homeomorphism T of a 
compact space X; it states that for every pair of nonempty open T-invariant 
subsets 0,, 0, of X the intersection 0, f? 0, is nonempty. It can be 
considered as a counterpart, in topological dynamics, of the notion of 
ergodicity for measure theoretical dynamical systems (see, e.g., 1201). 
While ergodicity admits a straightforward noncommutative formulation 
for I+‘*-dynamical systems (i.e., the fixed point algebra is trivial), the same is 
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not true for C*-dynamical systems. Indeed, already at the classical level, 
further notions as minimality (any open nonempty T-invariant subset 0 of X 
has to be equal to X) are to be considered. 
In this paper we consider a natural notion of topological transitivity for a 
C*-dynamical system (A, G, a) as follows: for any nonzero a-invariant 
hereditary C*-subalgebras B, , B, of A the product B,B, is not zero. That 
this is the right noncommutative formulation is shown by the following facts: 
(a) It reduces to the proper notion whenever “ergodicity” has a 
natural meaning (if G is compact, it means that A” is trivial; if A = C(X) it 
means, of course, that the transpose action of a on X is topologically tran- 
sitive). 
(b) It is fuirZy general and easy to check (if A admits a unique faithful 
trace, it means that A” is trivial; in general, it is entailed by the existence of 
a faithful clustering state). 
(c> It is operative (we shall give applications in Sect. 3, as we explain 
below). 
The above statement in (b) suggests, already in the commutative case, to 
consider topological transitivity more preferably than minimality. However 
since minimality may occur with stronger consequences, we shall also 
consider its noncommutative formulation (no a-invariant proper hereditary 
subalgebra) and discuss its relations with other properties. 
The search of a good ergodic property for a C*-dynamical system is 
certainly relevant in quantum physics, in particular in quantum statistical 
mechanics where the l-parameter automorphism group representing the time 
evolution is expected to be “ergodic.” Indeed, during the last two decades, an 
interesting noncommutative ergodic theory has been developed by 
mathematical physicists (see, e.g., [lo] and references therein). However the 
properties there considered usually make reference to the states of the C*- 
algebra and are therefore mainly conditions of mixing type. 
As an application of our techniques we shall generalize, in the setting of 
C*-algebras, a theorem of Araki et al. [ 11. (We limit ourselves to the case of 
a compact abelian group K.) Indeed we shall prove that, given a C*- 
dynamical systems (A, K, p), with K as above, and o E Aut(A) such that 
alA” is trivial then a = Pk, for some k E K, provided there exists a 
topologically transitive action on A commuting both with a and /3 (this will 
be automatic if A4 is prime). 
A variation of the theorem will be proved in the context of standard W*- 
inclusions, recently introduced in [5]. The relevant observation here is that a 
phenomenon of “hidden egodicity” allows us to remove the assumption on 
the existence of a commuting ergodic action. 
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2. GENERAL THEORY 
I. Basic Notions and First Properties 
Let (A, G, a) be a C*-dynamical system. We shall denote by A” the fixed 
point C*-algebra and by L?“(A) the set of nonzero hereditary a-invariant 
CQubalgebras of A (cf. [ 151). We shall say that A” is trivial if A” contains 
only the scalars elements (thus A” = G 1 or A” = (0) according to the 
existence of a unit 1 for A). 
2.1. DEFINITION. We shall say that the C-dynamical system (A, G, a) 
(or the action a) is: 
(4 weakly ergodic if A” is trivial, 
(b) topologically transitive if for any B,. B? E <p(A) their product 
B, B, is not zero, 
(c) minimal if pa(A) = {A}. 
It is easily checked that the above definitions are in order of decreasing 
generality. If A is commutative, the hereditary C*-subalgebras of A are the 
closed ideals of A, thus they correspond to open subsets of the spectrum X of 
A. The above definitions reduce to the classical ones for the transpose action 
a’ of a on X. Therefore (c)z (b) $ (a) (cf. ]20]). If X is compact 
metrizable, and G is separable, a is topologically transitive iff there exists 
x E X (actually a dense G, subset of x E X) whose a’-orbit is dense in X. 
The following theorem contains a first set of criteria for checking 
topological transitivity. 
2.2. THEOREM. Let (A, G, a) be a C*-dynamical system. Assume one of‘ 
the following. 
(i) There exists a faithful representation ?I of A such that n 0 a 
extends to a weakly ergodic representation on n(A)“. 
(ii) A is unital, and there exists an extremal a-invariant state u of A 
which is separating (namely, tf (n,, r,,,pW) is the corresponding GNS 
representation, rt, is one-to-one and {, is separating for n,(A)“). 
(iii) A is unital, and there exists an extremal a-invariant state w such 
that 7c, is one-to-one and w is either a trace or a KMS state for some 
l-parameter automorphism group of A. 
(iv) There exists a (not necessarily invariant) faithful clustering state 
q for a, namely 
cp(a,(a)b) -+ @> cp(bh a,bEA 
(where the convergence possibly is under some mean on G or as g + co ). 
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(v) A admits a faithful factorial representation on a separable Hilbert 
space and a is weakly asymptotically abelian, namely for any a, E A* 
ul(b,(a>, bl) -+ 0, a,bEA 
(where the convergence is as above). 
Then a is topologically transitive. 
Proof. (i) If B E R”(A) the support E of x(B) in z(A)” is a-invariant, 
thus E = 1. It follows that n(B,) z(BJ # (0) for any B,, B, E R”(A). 
(ii) implies (i) by [23]. 
(iii) implies (ii) by the separating property of KMS and tracial states. 
(iv) Let B,, B, E R”(A) such that B,B, = {O). Choose a nonzero 
A EB,,, bEB,+, then a,(a)b = 0 for all g E G, thus 
rp(a,(a)b) -+ da> v(b) = 0 
which is a contradiction since cp is faithful. 
(v) In this case (iv) holds (see [lo]). 1 
In order to check the minimality property it is convenient to extend to the 
noncommutative setting the following notion. 
2.3. DEFINITION. The C*-dynamical system (A, G, a) is uniquely 
ergodic if there exists a unique a-invariant state of A. 
The following proposition is a straightforward generalization of the 
uniform ergodic theorem. 
2.4. PROPOSITION. Let (A, G, a) be a C*-dynamical system with G 
amenable and A unital. Then a is uniquely ergodic iff conv{a,(a), 
g E G} - n C 1, a E A, contains exactly one element. In this case 
w(a) 1 = conv(a,(a), g E G}- n @ 1, aEA, (1) 
where w is the unique a-invariant state. 
Proof. We shall only show the relation (1) when a is uniquely ergodic, 
the rest is immediate. Letfi EL’(G) be a net such that ]]fi]] = 1, 
J f,(g) F(g) ds -, i@), FE Lm(G), 
where ,U is a mean on G. Then for every state 9 E A* and a E A, 
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since ~(~(a,,.))) = w by the uniqueness of the a-invariant state. Since weak 
and norm closure coincide on convex sets, the proposition is proved. 1 
2.5. LEMMA. Let (A, G, a) be a C*-dynamical system with A unital. If a 
is minimal. then an a-invariant state w of A is faithful. 
Proof. If w is an a-invariant state, its left kernel L, = {a E A, 
w(a*a) = 0) is an a-invariant left ideal of A. If L,, # (O}, L,, f’L2 E.F(A) 
thus LznL,,, = A, which is impossible. fl 
2.6. COROLLARY. Let (A, G, a) be a uniquely ergodic C*-dynamical 
system with G amenable and A unital. Then a is minimal iff the a-invariant 
state to is faithful. 
Proof. By Lemma 2.5 we have only to show that F”(A) = {A} if w is 
faithful. Let B E Fe(A) and a E B + , a # 0. Then 
o(a) 1 E conv(a,(a), g E G} c B, 
thus 1 E B which implies B = A since B is hereditary. 1 
2.1. COROLLARY. Let (A, G, a) be a C*-dynamical system with G 
cmpact and a weaklWy ergodic. Then A is unital and a is minimal. 
ProoJ: Let a E A + , a # 0, then 1 a,(a) dg is a nonzero fixed-point, thus a 
scalar element, so A is unital. The rest follows from Corollary 2.6. u 
2.8. PROPOSITION. Let (A, G, a) be a C*-dynamical system. The 
following hold. 
(9 If 4 is an a-invariant C*-subalgebra of A, then a /A, is 
topologically transitive if a is topologically transitive. 
(ii) Let K be a normal compact subgroup of G and let 
A,, = {a E A, ak(a) = a, k E K). 
Then a is topologically transitive (minimal) if a 1 A, is topologically transitive 
(minimal). 
Proof: (i)LetB,,B,E.FF”“(A,)suchthatB,B,=(O}andputL-AB,, 
R = B,A . Then LR = {O), therefore L n L*, R n R * E F”“(A) and their 
product is zero. 
(ii) Let B,,B2 E2F(A) with B,B, = (0) and put L =AB, , 
R=B,A . Denote by E: A-A, the conditional expectation 
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E(U) s i, ak(a) dk, u EA. Then L, E E(L) (resp. R, = e(R)) is a left (resp. a 
right) a-invariant nonzero ideal of A,. Now 
(L, nL,*)(R, n R,*) c L,R, = e(L)RO = e(LR,) c e(LR) = (0). 
Therefore a 1 A, is not topologically transitive, since L, n L,*, R, n R,* E 
3”(A). The analogous statement for minimal actions is proved similarly. 1 
2.9. COROLLARY. Let (A, G, a) be a C*-dynamical system with A unital, 
G discrete abelian, and a topologically transitive (minimal). Then the C*- 
dynamical system (A X, G, G x 6, a . G) is topologically transitive 
(minimal). 
Proof. Immediate 
A = (A x, G)‘. 1 
from Proposition 2.8 and the equality 
II. Examples 
1. Let M be a separable unital C*-algebra and A = Oie,Mi, where I is 
an index set, Mi = A4 for i E I, and we use the minimal tensor product. We 
shall consider a C*-dynamical system (A, G, a), where either Z = E, G = Z, 
and a is the 2-sided shift, or G = S(co) and I is an infinite set (cf., e.g., 
[ 171). Then (A, G, a) is topologically transitive; in fact, if o is a separating 
state for A4 (in the sense of Theorem 2.2 (ii)), then w E @iE, vi, vi = p,, is a 
faithful clustering state of A and we apply Theorem 2.2(iv). Moreover a is 
not minimal; in fact, if rp is not faithful, then w is a nonfaithful a-invariant 
state and we may apply Lemma 2.5. 
2. Let @ (resp. .F) be the C*-algebra of quasi-local observables (resp. 
the field C*-algebra) in a Haag-Kastler quantum field theory [8]. Then @ is 
the fixed-point algebra algebra of F under the (compact) gauge group. The 
space-time translation r acts on F and commutes with the gauge action. By 
locality space-translations act in a norm asymptotic abelian fashion on a; 
since @ acts irreducibly we may apply Theorem 2.2(v) and Proposition 2.8 
to check that r is a topologically transitive action both on @ and Sr. 
III. Further Properties 
We shall now examine some spectral consequences of the topological tran- 
sitivity assumption. 
2.10. PROPOSITION. Let (A, G, a) and (A, H,p) be C*-dynamical 
systems with a o /3 =p o a and H commutative. If a is topologically 
transitive, then sp(J) is a closed subgroup of fi. 
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Proof. Let p, q E sp(j?) and 0 a neighbourhood of p + q. We shall exhibit 
0 # a E A with sp(a) c 0. Let O,, 0, neighbourhood of p, q, respectively. 
such that 0, $0,~ 0 and choose O#a,,a,E A with sp(a,)c O,, 
sp(a,) c 0,. Then 
sP(a,,(al) a&J) = 0, g, - gz E G, 
so it suffices to choose g,, g, with a,,(a,) aKZ(az) # 0. Indeed if 
a,,(~,) anz(u,) = 0 for every g,, g, E G, then 
Aa,,@,) aJa,)A = ior; 
therefore 
L z lin. span{Oa,(a,), g E G)- 
R = lin. span(a,(a,)A, g E G} 
satisfy (L” n L)(R* n R) c LR = (0) which contradicts the topological 
transitivity of a. I 
The following corollary is related to (9, Theorem 4 I. We shall denote by 
r( .) the Connes spectrum [ 15 1. 
2.11. COROLLARY. Let (A, G, a) be a topologically transitive C”- 
dtjnamical system with G = F?, L, or G compact abelian, then 
(in particular if a is one-to-one, then T(a) = e). 
Proof. Let B E Z’“(A) and assume that sp(a ( B) # 6, the corollary will 
follow if we show that B = A. Indeed by Proposition 2.10 sp(a 1 B) is a 
proper closed subgroup of G, thus G/ker(a ) B) is compact. By Corollary 2.7 
B admits a unity 1,. Since 1, is a-invariant 1, = l,., and B = A because B is 
hereditary. I 
2.12. COROLLARY. Let (A, G, a) be as above with a one-to-one. Then 
A X, G is prime. The converse is true if A is commutative. 
Proof Immediate from Corollary 2.11 and the fact that A X, G is prime 
iff a is G-prime and r(a) = 6 [ 141. I 
2.13. Remark. The above corollary has an analogous version for a 
minimal action of a discrete abelian group G, since in this case A X, G is 
simple iff A is G-simple and r(a) = d (of course T(a) = d if a is minimal). 
We end this section with two propositions that will be useful in the 
following. We shall denote by M(A) the multiplier C*-algebra of a C*- 
algebra A. 
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2.14. PROPOSITION. Let (A, G, a) be a C*-dynamical system. The 
following are equivalent. 
(i) a is topologically transitive. 
(ii) For any B E Z”(A) the extension of a to M(B) is weakly ergodic. 
ProoJ (i) * (ii). Let B EZ”(A) and suppose that M(B)” # @ l,,,(,, 
(where lMcB, is the identity of M(B)). There exist nonzero positive 
h,, h, E M(B)* such that h, h, = 0. Then Bi = (hiM(B)h n B are nonzero 
a-invariant hereditary C*-subalgebras of B (therefore Bi E Z*(A)), i = 1,2, 
and B,B, = (0). 
(ii)*(i). Let B,,B,EZ=(A) with BIB,= {O}. Then p,p2=0 where 
Pi E lhfM(B.) is the unit of M(B,), i = 1, 2 and we consider M(B,) as a 
subalgebra of A * *. Since pi E (Bi)‘J (i.e., pi is the strong limit in A * * of an 
increasing net in (Bi)+), we have that p = p, + pz E (B, + B,): . It follows 
from [ 15, Proposition 3.11.91 that p is an open projection in A* *. Let 
B 2 B, + B, be the hereditary C*-subalgebra of A such that l,,,(,, = p. Since 
p is a-invariant, we have B E X=(A). Now we check that pi E M(B), 
i = 1, 2. We shall show that pi E (Bs,)m f7 (B,,), (where B is the algebra 
obtained by adjoining the unit to B) and then apply [ 15, Theorem 3.12.91 to 
conclude that pi E M(B). Since pi E (Bi)r:, obviously pi E (8,)‘:. Let (bj”} c 
(Bi)+ be a net such that bj” /” pi (i = 1,2). Then (-bj”) \ (-pi), therefore 
1 M(B) - bj” = p1 + pz -_bj” \ p, + pz - pi E (B”,,),. It follows (setting 
i = 1,2) that p,, p2 E (B,,), . Since p,, pz # 0 and p, pz = 0, p, and pz are 
nontrivial a-invariant elements in M(B), which contradicts (i). 1 
2.15. PROPOSITION. Let A be a unital C*-algebra and U the group of 
unitaries in A. We have: 
(i) (A, U, ad) is a topologically transitive C*-dynamical system iff A 
is prime. 
(ii) (A, U, ad) is minimal tjjf A is simple. 
Proof: (i) Let B,, B, EZad(A) and put L =AB;, R = B,A-. Then 
Lu* = u*ad(u)(L) = uL c L, 
uR = ad(u)(R)u = Ru c R, u E u, 
therefore L and R are two-sided nonzero ideals and LR # {0} if A is prime. 
(ii) Let B E Zad(A) and L EE AB-. As above L is a two-sided ideal of 
A, hence L=A and B=LnL*=A ifA is simple. 
The reverse implications are clear. 1 
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3. AUTOMORPHISMS COMMUTING WITH COMPACT ACTIONS 
Let (A, K,P) be a C*-dynamical system. We denote by Am,(A) the group 
of all the automorphisms of A commuting with j3. 
In ] 1, 191, in the analysis of the algebraic structure relative to the 
chemical potential in Quantum statistical mechanics, the following theorem 
was obtained. 
THEOREM. Let (M, K,b’) be a W*-dynamical system with K compact. 
Assume that Au$(M) contains a subgroup G acting ergodically on M. Then, 
if o E Aut(M) leaves M4 pointwise invariant and commutes with G, it must 
he of the form a = Pk for some k E K. 
The purpose of this section is to prove an analogue for C*-dynamical 
systems, when K is abelian (Theorem 3.1). We also obtain a result about 
unbounded derivations commuting with a topologically transitive subgroup 
G c Aut,(A) (Proposition 3.7). Finally we give an example of a compact 
(finite) ergodic action a: G+ Aut(M) on the I,-factor M and an 
automorphism /I E Aut(M) which commutes with a and p @ a,. This 
answers a question posed by 0. Bratteli (private communication). 
3.1. THEOREM. Let (A, K,P) be a C*-dynamical system with K compact 
abelian. Further let (A, G, u) be a topologically transitive C*-dynamical 
system with a, c Aut,(A). If a E Aut(A) leaves A” pointwise invariant and 
commutes with u, then a = Pk for some k E K. 
The proof of this theorem requires a series of lemmas. If (A. K,j3) is a C*- 
dynamical system with K compact abelian, then for each y E K we set 
A,._(a~A,P,(a)=(k,y)a,k~K}but,asbefore,A~standsforA,(e~~ 
being the neutral element). Obviously A, is an Aut,(A)-invariant subspace of 
A for all ;‘E I?. 
3.2. Remark. With the above notations let B c A” be a G-invariant 
hereditary C*-subalgebra of As. Let L = AB -. Then L is a K - G-invariant 
left ideal of A and B, =LnL* is a K - G-invariant hereditary C*- 
subalgebra of A such that Bf = B. In particular if J is a two-sided ideal of 
A”, we set B,=LnL*, where L-AJ-. 
3.3. LEMMA. Take y in spp), set J = A fi; and let B, be the K - G- 
invariant hereditary C*-subalgebra of A associated with J as in Remark 3.2. 
Then 
(i) There exists an approximate identity of J of the form 
e =<‘a?a?* A -II’ a? EA,. 
i=l 
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(ii) Any approximate identity for J is an approximate identity for B, 
and M(J) c M(B,). 
Prooj (i) follows by an easy adaptation of the proof of [ 15, 
Theorem 1.4.21; 
(ii) is easily checked (see [2, Lemma 4.11). 1 
3.4. LEMMA. With the notations of Lemma 3.3, let pY be the unit of 
M(B,). Then p,a = a = (norm) lim, e, a, a E A y. 
ProoJ: Since {en} is an approximate unit for J 
Ila-e,a))2=)j(1 -ee,)aa*(l -e,)lj<\\(l -e,)aa*)I-+O. 
Thus (norm)lim eAa = a for every a in A,. Since pY= (strong) lim e, (in 
B,* * c A * *) it follows that p,a = a for every a in A y. 1 
3.5. LEMMA. Let u E Aut(A) be as in the statement of Theorem 3.1 and 
~Esp@). If J=A,A;- then there exists z,E M(B,)n J’ (J’ being the 
commutant of J) such that o(a) = zYa, a E A,. 
Prooj We shall follow an argument from [2, Lemma 4.41. Let 
e, = C~Z!, afaf*, a) E A, be an approximate identity for J (and therefore 
for B,) as in Lemma 3.3. If a E A,, we have 
a(e,a)=a iSafa’*aj =To(af)af*a=z,a. 
Let M,,(A) = A @M,,(C) be the algebra of n, X nA matrices over A. If we 
Put A a, ..a 4, 
aA = 
0 . . . 0 /: :I E wI,(A >* 0 . . . 0 
We have 
Z A 0 . . . 0 
(0 0 l,J(aA)aA* = 
0 0 
i* I* 
: 
0 . . . 0 
It follows that IJz~JI < [[aA I(* = IleJ < 1. On the other hand, 
zAee,O=C o(af)af*aj”“afo*=Co(e,afo)afO*. 
i,i i 
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By Lemma 3.4 (norm) lim, el@ = a)~, whence (norm) lim, z,e,O = zl, for 
all &. Since {e*} form an approximate identity for B, and /]z*l] < I, it 
follows that (norm) lim, z,b exists for all b E B,. Therefore (z,,,) converges 
strongly in B,** c A * * to an element zy such that z,b E B, if b E B, and 
hence zy is a left multiplier for B,. From Lemma 3.4 it follows that a(a) = 
(norm) lim,I a(e,a) = (norm) lim, z,a = zYu for all a E A ?. 
It remains to show that zy is a right multiplier of B, and that z,E J’. Let 
bEA, and aEJ=(B,)‘; we have 
a(ub) = z,ub = uz,b. 
Therefore (z,a - uz,) b = 0 for all b E A,, a E J. Then it follows easily that 
(zp - uz,.)p, = 0. Since zY E B,* * we have z;, = zypy and therefore z +I = uz... 
a E J. Now, since zy is a left multiplier for B,, we have 
be,z, = bz,e., E B, for b E B, and all 1. 
Then bz;, = lim., bz,e,E B, and therefore z;. is also a right multiplier for 
B I J’ 
3.6. LEMMA. For each y E sp(p) we have zI.= pYp7 for some scalar ,uu: 
wirh lpYl = 1. 
Proof: We have 
a, o o(a) = q&J a,@> for all g E G. a E A ?. 
On the other hand, 
an 0 a(u) = u 0 a,(u) = zga,(u). 
Therefore a,(~,) a,(u) = zYag(u) for all g E G, a E A,. Since (aJe,,)}), form 
an approximate identity for B,, we have that a,(z,)p,= z,p,. Hence 
a&z,) = zg for all g E G. Since G is topologically transitive, by 
Proposition 2.14 it acts weakly ergodically on M(B,), hence z?= ,~,p, for 
some lu, E C, I& = 1. I 
Proof of Theorem 3.1. By Proposition 2.10, sp(j?) is a subgroup of l?. 
From Lemmas 3.5, 3.6 it then follows that y-+p, is a character of sp@). Let 
k, E K be such that ,uuy= (k,, y), y E l?. Then CT = Pk,,. 1 
We shall now prove an analogue of Theorem 3.1 for unbounded 
derivations. The following proposition is a generalization or variation of 
results contained in [ 7, 13, 16, 221. 
3.7. PROPOSITION. Let (A, K, j?) be a C*-dynamical system with K 
compact, ubeliun. Suppose that Aut,(A) contains a subgroup G which acts 
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topologically transitively on A. If 6: Cypk A,+ A is a closable *-derivation 
such that 
(i) 61A”=O, 
(ii) 6 o ag = ag o 6, ag E G, 
then the closure 6 of 6 is a generator and there exists a l-parameter 
subgroup {k,} c K such that exp(t8) = Pk,, t E R. 
Proof. It is easy to see that Lemmas 3.5 and 3.6 can be proved for 6 and 
yield a purely imaginary ,u, E C such that 6(a) = p ya for all a E A r, 
y E sp@?). By Proposition 2.10 and the analogue of Lemma 3.6, it follows 
that y+pY is additive on sp@). It is then easy to see that t -+ (y+ exp(tpJ) is 
the required l-parameter subgroup of K. 1 
3.8. Remark. In the proof of Theorem 3.1 we used only the weak 
ergodicity of G on M(B,), J = Ad; -, y E g. This holds if the action /I 
satisfies the following condition (considered, e.g., in [ 111): 
44 
*- =A” all y E I?. (*I 
Therefore we have 
3.9. COROLLARY. Let (A,K,p) b e a C*-dynamical system with K 
compact abelian, A unital, and such that p satisfies the property (*). Suppose 
that Aut,(A) contains a weakly ergodic subgroup G. If u E Aut(A) leaves A4 
pointwise invariant and commutes with G then o must be of the form o = bk 
for some k E K. 
3.10. COROLLARY. Let (A, K,/3) be a C*-dynamical system with K 
compact abelian, A unital and p satisfying property (*). Assume moreover 
that the relative commutant (As)’ in A is trivial. If u E Aut(A) leaves A4 
pointwise invariant, then o must be of the form o = Pk for some k E K. 
Proof: Let G c Aut(A) be the group of all inner automorphisms 
implemented by unitaries in As. Then G c Aut,(A) and acts weakly 
ergodically. The corollary follows now from the preceding one. 1 
3.11. COROLLARY. Let (A, K,P) be a F-dynamical system with K 
compact abelian, A unital and AD prime. Then if (T E Aut(A) leaves A4 
pointwise invariant and commutes with j3, it must be of the form o = Pk for 
some k E K. 
Proof By Proposition 2.15, the inner automorphisms ad(Us) of A4 act 
topologically transitively on A 4. By Proposition 2.8 the group G generated 
by ad(@) and K acts topologically transitively on A. Since obviously CJ 
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commutes with ad(@) is follows that u commutes with G. By Theorem 3.1 
u=/lk for some kEK. 1 
The following result is a generalization of the first part of 13, 
Theorem 4.1 I. 
3.12. COROLLARY. Let (A, K, p) be a C*-dynamical system where A is 
the UHF-algebra of type no0 and /I an action of product type on A of a 
compact abelian group K. If IS E Aut(A) leaves A’ pointwise invariant then 
a=j3,forsomekEK. 
Proof. From [ 171 it follows that action of S(co) on A is implemented by 
an unitary representation of S(a) in A’. Therefore u commutes with 
ad(S(oo)). Since S(c0) acts topologically transitively on A (Example 1) the 
Corollary follows from Theorem 3.1. I 
Note that Theorem 3.1 shows in particular that if K is an ergodic compact 
abelian subgroup of Aut(A), then the relative cornmutant of K in Aut(A) is 
contained in K [2 11. The following example shows that this may no longer 
hold if K is not abelian (Bratteli’s question). 
Let G be a compact group and U: G + .9(Z) an irreducible unitary 
representation of G. Then M = .9(Z) is a finite matrix algebra and p: 
g E G -8, = ad(U,) E Aut(M) defines an ergodic action of G by 
automorphism of M. 
3.13. PROPOSITION. With the above notations, the ,following are 
equivalent: 
(i) There exists 0 E Aut(M) such that u 0 /I, =/I, 0 o, g E G. and 
u&i%. 
(ii) There exists a continuous homomorphism x: G + li such that 
(a) .1‘x(g> ITr(U,>I’ dg f 0, 
(b) If h E G and UK,,-, =x(g) U, Vg E G, then h = e. 
Proof. We shall only prove (ii) * (i); the reverse implication is obtained 
by reversing the arguments. 
Let YT be the Hilbert space obtained by considering on M the scalar 
product given by the trace. Then g E G + /3, E ,5(e) is a unitary represen- 
tation which is easily seen to be the unitary equivalent to the representation 
U @ 0, where 0 denotes the complex conjugate representation. Now (b) 
means that U @ 3 contains the l-dimensional representation with character 
x, therefore there exists 0 # u E M such that 
P,(v) = x(g>v5 g E G, 
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and since ZJ*ZJ, uu* E M” = Cc 1, we may take z, to be unitary. Put 
a(a) = 2, *au, a E M, 
then 
P, o u(a) = B&u *au> = &,(v *I P&4 PgW 
= v *p,(u) 21 = u 0 &(a), g E G. 
We shall show that u @ 8,. Assume on the contrary u = P,, , h E G; then 
u, = Iv, 1 E lr, 
Ughg-l =P&W = w&4 = hAg)u 
= it(g) u/l 3 gE G, 
and, by (b), we have U, = 1, which is not possible. 
3.14. COROLLARY. There exists a C*-dynamical system (M, G, /?), where 
M is a I,-factor, G is finite, /I is ergodic, and (i) of Proposition 3.13 holds. 
Proof: Let G be the group of rigid motions of R* leaving invariant a 
given equilateral triangle, namely G is the 6-element group generated by two 
elements r, s such that 
r3 =e, s2 =e, srs=r-‘. 
Then G has a natural irreducible unitary representation U of dimension 2. 
Let x(g) = det(U,), g E G. Since U = U one easily checks the statement in 
(ii), Proposition 3.13. I 
4. ERGODICITY AND STANDARD W*-INCLUSIONS 
In this section we prove a variant of the stated theorem of Araki et al. [ 1 ] 
in the context of a standard IV*-inclusion /i = (A, B, w) recently introduced 
in [5]. 
Here the ergodicity of the commutant of the compact action p is replaced 
by the assumption that ,f3 acts in Aut(/i). Indeed a sort of ergodic action 
commuting with /3 always exists since the modular automorphisms of A and 
B act, in a sense, jointly ergodically (they are not automorphism of A). 
It will suffice to consider only W*-dynamical systems, because of the 
existence of an invariant state. Thus Theorem 4.1 has a natural formulation 
for C*-dynamical systems. 
We refer to [5] for examples and applications. Since our proof is only a 
variation of that in [ 1, 191 we shall prove only the part needed here to adapt 
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the argument from [ 191 to which we refer for the completion of the 
argument. Denote by Z(a) the “center of.” 
4.1. THEOREM. Let A = (A, B, Q) be a standard W*-inclusion with 
Z(A) f? Z(B) = C 1 and /I: G + Aut(A) a representation of a compact group 
G.IfaEAut(A)anda~AD=idthenaE&. 
4.2. COROLLARY. Let A = (A, B, Q) be a standard split W*-inclusion 
and p: G -+ Aut(A) a representation of a group G. If u E Aut(A) and 
o I A 4 = id, then o belongs to the closure of /3,. 
Proof of the Corollary 4.2. Immediate from Theorem 4.1 since Z(A) r? 
Z(B) = @ 1 and Aut(A) is compact [5, Theorem 3.11. 1 
To prove the theorem we need some lemmas. The following lemma is a 
variation of the Kovics-Sziics theorem [ 12,4]. 
4.3. LEMMA. Let y be an endomorphism of a von Neumann algebra R 
leaving invariant a faithful state CL) E R, . Then the strong limit 
1 N-l 
e(a) = lim - \‘ y”(a), 
N N nyo 
a E R, 
defines a normal faithful conditional expectation E: R -+ R Y= (a E R, 
v(a)=a} such that WOE=W. 
Proof Let R act in the GNS representation given by o with vector Q 
and define an isometry of Rm by 
Ia0 = y(a)Q, aER. 
By the ergodic theorem and the Wold decomposition of r, it follows that the 
Cesaro sums of r strongly converge to the projection E onto the r-invariant 
vectors. Thus if a E R 
l ‘7’ 
77 ,eo 
y(a)b’fi = b’ ; TG’ I”aR + b’EaR, 6’ E R’. 
n-0 
It follows that c(a) b’Q = b’Ea0, b’ E R’, defines e(a) which satisfies the 
states properties. 1 
4.4. LEMMA. Let (A, B, w) be a standard W*-inclusion. Then B” n A = 
Z(B) n Z(A) (B” denotes the centralizer). 
Proof. Let u be a unitary in B” n A. Then ad(u) E Aut(A) and 
ad(u) 1 A’ r‘l B = id. Since Q, is jointly cyclic for A’ n B and B, ad(u) is 
trivial on B, thus u E Z(B) n A = Z(B) n Z(A). 1 
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Let (A, B, $2) be a standard W*-inclusion and define 
Y@)=J,J,~J,J,, a E B, 
then y is an endomorphism of B into A. Denote by uA, uB the modular 
automorphism of A, B with respect o R. We shall denote by E : B + BY the 
conditional expectation given by Lemma 4.3. 
4.5. LEMMA. Let (A, B, w) be a standard W*-inclusion with 
Z(A) n Z(B) = C 1 and 2 an Hilbert space. With the above notations, we 
have 
(a) B”nBY=C1. 
(b) IfeEB”@SY(R) is a projection such that (y @id)(e) < e then 
eE1@9(R). 
Proof (a) Since BYc A, this follows from Lemma 4.4, 
(b) By Lemma 4.3 
(E 0 id)(e) = 1,” k N$‘1 (y” @ id)(e) < e, 
EO 
then f = (e - (E @ id)(e)) is a positive element and (E @ id)(f) = 0. Since 
E @ id is faithful, f = 0 and 
e = (E @ id)(e) E BY @ 9(R); 
since e E B” @ S(q, (b) follows from (a). 1 
Proof of Theorem 4.1. The proof follows [ 191. The crucial fact is that, 
since p, c Aut(/l), c commutes with y and cB. Since Z(A) f7 Z(B) = G 1, AD 
is properly infinite [5, Proposition 9.3, Corollary 1.31. Let Ho be an Hilbert 
space in A4 carrying an irreducible unitary representation U, of G. 
Following [ 191 we define 
A(U,) =A’(U,> = {a E A,P,(a) = au,(g), g E G} 
and we have to show that, if A(U,) # {0}, then the left and the right support 
p and q of A(U,) are both 1. Let 
p-@OYOP-‘)@id on P(A > 0 ~(ff,), 
3BB@@OBOp -‘)@id on P(A)O~W,), 
where p is the endomorphism of A determined by Ho [24]. Then jj(U,(g)) = 
U,(g) and Po/3=/?o~thus y(A(U,))cA(U,) and 
7(P) G P9 7(q) G 4. 
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Analogously 5:(p) = p, c?:(q) = q, t E R. By Lemma 4.5 it follows that 
P* 4 E 1 0 qH,). 
The rest of the proof follows [ 191 and arguments similar to the previous 
one. I 
Note that the Galois correspondence of Kishimoto (see [ 19 I) also easily 
extends to our case. 
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